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A uniform view of electronic degeneracies, resulting from finite point group symmetries, is developed. It relates
any n-fold degeneracy to the geometrical structure formed by the set of equidistant points in a space with exactly n di-
mensions. Jahn—Teller interactions within the degenerate manifold can simply be represented as bond stretchings of this
structure. This approach thus can be qualified as the “chemical perspective” to the study of vibronic instabilities. The
procedure is described for two-fold, three-fold, four-fold, and five-fold degeneracies. As a result a simple general proof
of the Jahn—-Teller theorem can be obtained. The electronic degeneracy is connected to the reaction graph of the stable
minima on the surrounding Jahn—Teller surface. The findings are illustrated with some structural and dynamic molecular

examples.

Introduction

Degeneracy occurs whenever a given eigenstate of a system
is realized in more than one way. This means that two or more
independent eigenfunctions of the Schrédinger equation are
associated with the same eigenvalue. This phenomenon is typi-
cal for the quantum state of matter and has no analogue in clas-
sical systems. Degeneracy can be accidental, as when two
states cross at a particular geometry or for a certain value of
some external field, but the legal cases are those where degen-
eracy is due to the presence of space or time symmetries.

It was with the spatial symmetry degeneracies in mind that
Jahn and Teller stated in 1937 their remarkable theorem that
all non-linear nuclear configurations are unstable for an orbi-
tally degenerate electronic state.! The instability will trigger
a distortion to a lower symmetry that removes the cause of
degeneracy and thus leads to a non-degenerate state. In other
words, symmetry and degeneracy do not seem to go together,
and nature will always find ways to avoid such situations.?

The present account intends to show the common structure
which unites all Jahn-Teller (JT) cases and is based on the
connection between the point groups and the symmetric
groups, describing the permutations of identical particles.
The presentation is as much as possible in terms of geometric
arguments, and several illustrations from chemical applica-
tions are included. The approach starts from the two-fold de-
generacy and gradually attains the icosahedral five-fold degen-
eracy which is the highest case of orbital degeneracy.

Two-Fold Degeneracy: The Triangle

Two-fold orbital degeneracy can be realised most simply in
an equilateral triangular structure. Such a structure is also

called the simplex of two-dimensional space, i.e. a structure
in which all atoms are equidistant. In 2D space, only three
points can be perfectly equidistant from each other, so in a
way, the triangle forms the basic building block of the plane,
as is illustrated by the triangular tessellation of the plane. If
one would consider four points in a plane, it is already impos-
sible to find a configuration for which they are all at the same
distance from each other.

The symmetry group of the simplex is the group of all pos-
sible permutations of its vertices. For n vertices, this group is
called the symmetric group of order n, S,, and its number of
elements is n! In the case of a triangle, there are six possible
permutations of the three constituent nuclei, forming the group
S3, which is isomorphic to the point group Cjs,. This is also the
smallest point group with a two-fold degenerate representa-
tion, and it therefore represents the simplest example of a JT
effect.

The JT activity in this case can very easily be derived by
considering a straightforward basis set, only consisting of
s-type functions on the vertices of the triangle, such as in a
triangle of three hydrogenic atoms.> We will elaborate this
simple case in some detail, since the same procedure as used
here will be found to be applicable to all higher degeneracy
cases. With the three basis functions of the triangle, two types
of molecular orbitals can be formed, transforming as a; and e:
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Fig. 1. The two-fold degeneracy and the triangle: basic
structure, orbital basis, and the normal modes correspond-
ing to edge stretchings. The ¥/, -orbital basis is JT active
under the Q.-modes.
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These orbitals are represented in the Fig. 1. The two e-compo-
nents are labeled with the indices 6 and &, and are resp. sym-
metric and antisymmetric with respect to a vertical symmetry
plane through atom 1. If the ground state of the triangle would
be realised by occupying only the totally symmetric a; orbital
with one or two electrons, it is clear that the total charge den-
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VE(AHZ + Ar;z — 2Ar3)
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H=kx

(Ariz — Arya)

Here, we have ordered the basis orbitals as {a,ef,e€}. The
symmetry transformations of the nuclei also will act transitive-
ly on the three bond lengths of our triangle, since these are
simple pairfunctions of the nuclei. Note that they are even
functions of the bond pair, hence a permutation of the nuclei
i and j along a common bond will leave the distance un-
changed, i.e.:

P,jAV,‘j = Ar,-j. (5)

As a result, the coordinates can be regrouped into symmetry
adapted normal coordinates. One obtains one totally symmet-
ric or breathing mode, and two asymmetric e-type stretching
components again transforming as 6 and &, as shown in Fig. 1.

1
O = 73(A1’12 + Ariz + Arg).
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sity would also be totally symmetric. Hence, in this case, the
distribution of the nuclei which are the origins of the positive
charges in the molecule, and the electron density cloud, which
carries the negative-charge distribution, are both symmetrical,
and there cannot be electric forces between the two charge dis-
tributions that will lead to spontaneous symmetry lowering dis-
tortions. In general, any non-degenerate eigenfunction is either
symmetrical or antisymmetrical under the symmetry transfor-
mations of the molecular point group, so that the charge den-
sity, expressed as the square of the wave function, will always
be symmetrical. As a result, for non-degenerate ground states,
there is no spontaneous symmetry breaking.

If, however, the orbitally degenerate e-level is occupied by a
single electron, the situation is more complicated. Instead of
one wave function, we now have two wave functions, spanning
the two-dimensional irreducible representation of the Cs, mo-
lecular point group. Instead of the usual charge density cloud,
such a state is now characterised by a 2 x 2 density matrix.
The electronic energies may most simply be expressed by a
Hamiltonian matrix in the two-dimensional orbital space.
The bonding interactions are due to the exchange integrals
of type (@;|H|¢p;). We will adopt the simple model in which
these integrals are a linear function of the bond lengths sepa-
rating atoms i and j. Since all atoms are equidistant, we can
introduce a common slope &:

(pilH|p;) = kAr;. 2

We may express this result in an operator form as follows:

H =" kAry(1o) (@)l + 19) (@) 3)

k<l

The Hamiltonian matrix which results from this parametriza-
tion is easily derived using the orbital expressions in Eq. 1.

1
NG
1

(Ariz — Arya)

ﬁ(Arl3 —Arp) |. 4
(Ar;z — Arpn) —Ary
1
Qey = %(—ZAQ,@ + Arpp + Arpz).
1
Qee = —= Ary2). (6)

(Ariz —
V2
By appropriate substitutions the Hamiltonian matrix in Eq. 4
can easily be expressed in terms of the normal coordinates as:

. 20, ) Qee
H= | Qo —0-View  Vioe | @
Qee \/-Z-Qeé‘ _Qa| + \/2-Qel5‘

As this equation shows the a; and e orbitals depend oppositely
on the totally symmetric coordinate. The genuine JT effect
is encountered inside the e-shell, and is described by the lower
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2 x 2 block of the Hamiltonian matrix. One has for this block:

k 1 0 k\/E _Qeﬁ Qe€
_ ko k2 NG
ﬁQ&>J+ﬁ<&ggﬁ ®)

In this equation, one observes the main ingredients of the JT ef-
fect. The potential depends on the totally symmetric mode, but
both components vary in the same way with Q,,. Therefore,
along this coordinate there is no splitting of the electronic de-
generacy. On the potential energy hypersurface this coordinate
forms a continuous seam where the two states cross. In con-
trast along the Q. coordinates the degeneracy is split. The split
eigenvalues can easily be obtained by diagonalizing the 2 x 2
JT matrix, yielding as roots:

Hc®e =

Ei=—%Qa ik[ 0%y + Q% ©))
This equation describes the typical conical intersection which
is at the center of the well-known “Mexican hat”-type poten-
tial. On this potential, the degeneracy point at the origin is
unstable, and the system will evolve on the minimal energy
trough at the bottom of the Mexican hat. The coordinates of
the Mexican hat may be rewritten in a polar form as:

Qe = PCOSW.
Qee = psinw. (10)

The pseudorotation in the w-coordinate around the conical in-
tersection corresponds to a rotational movement of the distor-
tion itself. Along this path, the three nuclei rotate around their
symmetry positions in a concerted way.* The waveform of the
lowest root is expressed as:

W) = c0s 3 Yrg) = sin 7 [Yre). an

More elaborate forms of the potential can be constructed by in-
cluding higher-order interaction terms, or by allowing for in-
teractions between the e and a; orbitals.’ The latter interaction
can be described by the usual second-order perturbation theo-
ry, which was introduced by Fukui in reaction theories. In its
simplest form one obtains:

WIHIY,)’

E =E_
AE
k k2 KPP
=———Qy——=p———=(1 3w). 12
ﬁQl \/3,0 6AE( + cos3w) (12)

The effect of this term will warp the intersection and delineate
three directions with steeper descent where, for k > 0, one of
the three bonds is compressed, forming an isosceles triangle.

The prototypal potential energy surface of the warped
Mexican hat with three minima is of ubiquitous importance
in chemistry. It dominates the structure and dynamics of hexa-
coordinated Cu?>* complexes, which display an e®e JT
ground state.® This octahedral JT problem is isomorphic to
the e-problem in trigonal symmetry. The three distortions cor-
respond to the elongations of each of the three tetragonal axes
of the octahedron.

This surface also occurs in chemical reaction theory and has
been proposed to explain the stereospecific skeletal rearrange-
ments of platinacyclobutane complexes. It was discovered by
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Fig. 2. Schematic view of the platinacyclobutane rearrange-
ment mechanism. The structure in the centre is a triangular
complex associated with a conical intersection. The circu-
lar trough around this intersection has minima at three cy-
clobutane complexes. The arrows indicate allowed inter-
conversions, corresponding to even permutations of the
carbon atoms with substituents A, B, and C [From: A.
Ceulemans, Polyhedron 1991, 10, 1587].

Puddephatt et al.” that in these metallacycles a carbon in the
« position, next to platinum, exchanges with a carbon in the
B position. The simultaneous migration of both phenyl and
deuterium substituents showed the permutational nature of
the rearrangement, as indicated in the reaction scheme
(Scheme 1).

Subsequent experiments demonstrated that the cyclobutane
plane was retained during the reaction.® Wilker and Hoffmann®
suggested that the rearrangement might be explained by an
itinerary on the periphery of a so-called Jahn-Teller wheel
around the degeneracy. This mechanism is shown schematical-
ly in Fig. 2. The symmetric origin of the surface consists of
a triangular instability, and the minima are distorted structures
formed by the motion of the metal towards one of the edges
of the carbon triangle. Motion of the metal in the opposite
sense, i.e. towards a corner of the triangle would yield a plat-
inacyclopropyl type structure with an outer methylene bond.
This structure sits as a saddle point between two permutational
isomers of platinacyclobutane. We noted that out of six possi-
ble permutations of the three carbon atoms involved, only
three actually occur when the system tunnels around in the
Jahn-Teller trough.!® These precisely correspond to the even
permutations of the three substituents, as shown in Fig. 2.
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The missing permutamers will constitute a similar Jahn-Teller
merry-go-round process which is the optical antipode of the
process depicted in Fig. 2. In other words, a reaction mecha-
nism which proceeds on a Jahn-Teller surface is expected
to be very highly stereoregular: it will not only preserve the
orientation of the CH, groups with respect to the molecular
plane, but also the handedness of the tricarbon structure. It is
remarkable that almost thirty years after the experimental stud-
ies of this rearrangement by several teams, and fifteen years
after the claims of the stereospecificity of the Jahn-Teller
mechanism, the strict permutational order of the mechanism
has not yet been demonstrated.

One may wonder to what extent orbital degeneracy is a vital
aspect of this potential surface, where the reaction follows a
path which may be far away from the symmetry origin where
the degeneracy exists? In other words, does it matter to the re-
action rate whether the central part of the surface is a local hill
top, characteristic of a single-state problem, or a true conical
intersection where two states meet? The prototypal surface
of the former type is the so-called monkey’s saddle, where
three product valleys meet around a central local maximum.'!

The surprising answer to this question is that no matter how
far the actual reaction path is away from the intersection point,
the conical intersection nevertheless makes its presence felt
in the quantum dynamical properties of the system. This is
a consequence of the fact that the electronic wave function,
as described in Eq. 11 changes sign when transported adiabati-
cally around the intersection. This phase effect was first noted
by Longuet-Higgins'?> and is known as the Berry phase."
Its influence on reaction dynamics was demonstrated by care-
ful studies of reaction rates and distributions of ideal systems
such as the scattering of the hydrogen atom on the hydrogen
molecule.'*

Three-Fold Degeneracy: The Tetrahedron

The treatment of a triple degeneracy point proceeds in
exactly the same way as before: now one takes as the basic
structure the tetrahedron, which is the 3D congener of the tri-
angle. The point group symmetry of the tetrahedron is 7, and
this group is isomorphic to the symmetric group of four equiv-
alent nuclei, S4. The tetrahedron is also the smallest molecule
which incorporates a triple degeneracy, and thus will exempli-
fy the JT coupling for a t-state. As a basis, we consider now the
set of four s-type functions on the vertices. They form a; and t,
irreducible representations, corresponding to the scalar and the

Arpy + Arz + Arpg+

Ariz — Ar
Ary + Aryy + Arsy a 24
—Ary + Arjz — Arps—
Aris — Ars 12 13 14
k Aryz + Aryy — Arsy
H=-x

Arig — Ary Aryy — Arpp
Ariy — Arag Ary — Aryy

In a tetrahedron there are six edge bonds, giving rise to a six-
dimensional coordinate space. This space can be organized in
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J

Fig. 3. The three-fold degeneracy and the tetrahedron:
basic structure, orbital basis, and the normal modes corre-
sponding to edge stretchings. The ,-orbital basis is JT
active under the Q.- and Q;-modes.

vector components of the familiar sp> hybrids:

1
Vo, =5 (@ + 0y + 03 + @)

2
1

Vi = 3 @1 = P2+ 03— ).
1

Yy = 5((01 — @) — P53+ Py).

1
Ve = 5 @1+ 02 = 93 = @) 13)
These orbital combinations are shown schematically in Fig. 3.
The interaction matrix in the orbital basis, ordered as
{a1, bx, y,t,z7} may be derived in exactly the same way as

previously, and is shown below:

Arig — Ars Aryy — Arsy
Ary — Arpp Aryy — Aryy
(14)
—Aryp — Ar;z + Arpg+
Ar24 — Ar13
Aryz — Aryy — Ary
Arpp — Ariz — Arpg—

Arss — Arss 12 13 14

Aryy — Aryy + Arsy

normal symmetry coordinates as follows:
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1
Oun = E(Arm — Arp).
1
Ouc = —=(Ar;y — Ars). (15)

V2

Pictorial representations of these coordinates are given in
Fig. 3. The interaction Hamiltonian in Eq. 14 can easily be
expressed in these coordinates, giving rise to the following
matrix expressions:

1 1 1
EQ[ZS 7§Qtzn EQQ;‘
1 1
Qez? - Qeé‘ _72-Qt2§ _ﬁth
1 1 1 (16)
_7§Qtz§ ﬁQeﬂ + QOee —\/—thzg
1 1 2
_—Qtzﬂ Qté Qv

V2 V3

We observe the same opposite dependence on the totally symmetric stretching mode, which will separate the a; and t, shell. When
the ty-orbitals are partially occupied, a triplet JT effect arises, which will be of the form t ® (e & t;), and is described by the lower
3 x 3 block in the interaction Hamiltonian of the preceding equation.

1

—Qeﬁ - Qee

V3
L

V2
1

k

Hgeon) = — 7 0y

1 0 0
01 O0|+k%
6
0 0 1

——=0un

V2

This is a particular form of the JT coupling matrix for a triple
degeneracy. A more general form requires the use of different
k’s for e and t, modes. Eq. 17 describes a conical intersection
in a five-dimensional coordinate space. The space contains
three types of special directions, which preserve as much as
possible the original tetrahedral symmetry.!> In the subspace
of the e-modes one encounters bisphenoidal distortions, corre-
sponding to compression or elongation preserving D,; symme-
try. In the space of the t;-modes one encounters trigonal distor-
tions, again forming a compressed or elongated Cs, form.
Finally, one also has butterfly modes, which consist of a mix-
ture of the e- and t;-modes, and which have only C,, symmetry.
In this case, only one of the bonds is either elongated (open
butterfly) or compressed (closed butterfly). The subgroups that
survive the JT distortion are the so-called epikernels of the
coordinate space.'® A detailed analysis of the symmetry break-
ing process in connection to the epikernel symmetries leads to
the formulation of a general epikernel principle, which states
that stationary points on a JT-surface will adopt epikernel,
rather than kernel symmetries, and that higher ranking epiker-
nels are preferred over lower ranking ones.!”

Saturated tetrahedral clusters of transition-metals usually
contain 60 valence electrons, as in the prototypal M4(CO);»
clusters, where M is a d” transition metal, such as Ni. Addition
of one or two electrons leads to a t-type JT problem with the

le S

!
V2
1 1

\/gQCI? + Qeé‘ \/i
1 2

NV

1

Qtz S ﬁ

le77
Ot a7

Qel?

open-butterfly solutions, since typically one of the edge bonds
is broken.'®

In tetrahedral complexes of transition-metals one frequently
observes D,y or Cs, solutions. A very special case occurs in
the Fe(CO), fragment, which is obtained by photolysis of
the 18-electron Fe(CO)s complex in a noble gas matrix.'”
The ground state of this cluster in a tetrahedral geometry has
an open-shell structure with four electrons in the t;-shell com-
prising the {d,;, d,.,d,,} orbitals. This configuration gives rise
to a triplet t-state which is characterized by a potential energy
surface with six C,,-type local minima. The experiments
of Poliakoff et al.2” have shown that the isomers can be labeled
isotopically by using '3C'30. The possible “isotopomers” are
shown in Fig. 4. A very specific reaction pattern emerges upon
irradiation with IR lasers: the well known Berry rotation that
would correspond to the concerted rearrangement of both axial
and equatorial ligands is not observed. Instead the only al-
lowed process is the non-Berry rearrangement where only one
pair of ligands is exchanged. The occurrence of such stereo-
specificity points to the presence of a potential energy surface
that is controlled by a JT origin. In the 5D distortion space of
the e @ t, coordinates there are six C,,-minima lying on a
trough around the conical intersection. The reaction graph
showing the pathways between the minima on this surface
can be represented by an octahedron,?!?> where the non-Berry
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Fig. 4. Permutational isomerisations of the isotopically la-
beled Fe(CO),4 fragment. The fragment has C,, symmetry
with two axial (A) ligands at an angle of 145° and two
equatorial ones (E) at an angle of 120°. Selective IR-
irradiations at the indicated wavenumbers cause permuta-
tions of axial and equatorial sites. Only non-Berry type re-
arrangements are observed [From: N. Leadbeater, Coord.
Chem. Rev. 1999, 188, 35, redrawn from Ref. 20].

process forms the edges, as shown in Fig. 5. One should imag-
ine that all the nodes of this reaction graph lie on a low-dimen-
sional energy trough, rearrangements taking place via tunnel-
ing between the minima. Apparently IR irradiation of a given
structure provides enough energy to provoke hopping to the
nearest neighbour. However, on this surface, the Berry process
would require two consecutive jumps to connect antipodal
nodes on the octahedron, which is not likely to happen. Again
the strict stereospecific relations between the minima and the
existence of low-energy interconversion paths are indications
for the important control that the Jahn—Teller effect can exert
on chemical dynamics.

The proposed distortion octahedron connects six permuta-
tional isomers of a fully substituted ABCD tetrahedron, which
is only half the number of possible isomers. As in the triangu-
lar case, we expect these twelve chiral isomers to be distributed
over two independent JT-spheres that are each others mirror
images. Experiments that would demonstrate this very special
optical stereospecificity of the JT isomerisation mechanism are
again still lacking.!”

In molecules with octahedral symmetry the t-type degener-
acy problem is entirely isomorphic to the tetrahedral case.
Now the D,; solutions correspond to the three tetragonal dis-
tortions, the Cs, solutions are D3, and the C,, solutions corre-
spond to Dy, distortions. Such JT problems are less well docu-
mented than the e-types. In transition-metal complexes, t-type
degeneracies usually originate from the tp, shell, which has

Cyy

=

Fig. 5. Reaction graph in the form of an octahedron, show-
ing the allowed non-Berry rearrangements paths, connect-
ing C,,-minima around a triple conical intersection [From:
N. Leadbeater, Coord. Chem. Rev. 1999, 188, 35, redrawn
from Ref. 21].

less bonding interactions than the e, shell, and is thought to
give rise to a smaller JT effect which is of a dynamic nature.?’
This ground level is characterized by a free rotation of the
ligands on a distortion sphere surrounding their octahedral
lodgings.?* In icosahedral symmetry t-types degeneracies also
occur. A notorious case is the anionic form of Buckminster-
fullerene: the LUMO of Cgq is of tj,-symmetry, and various
anionic open-shell states based on partial occupation of the
three-fold degenerate orbital states are known.?>2°

Four-Fold Degeneracy: The Pentahedroid

The icosahedral point group also allows for a four-fold de-
generate orbital representation, which is usually denoted as the
g representation. How can we understand the occurrence of
such a degeneracy in a point group of 3D space, and how
can we construct its JT matrix? The answer lies in the fact that
the rotational subgroup of the icosahedron, commonly denoted
as the group I with 60 elements, is isomorphic to the alternat-
ing group As, which is the group of all even permutations of
five objects, and is a halving subgroup of the symmetric per-
mutation group Ss. This links the icosahedron to the symmetry
of 4D space and suggests that we can simply extend our pres-
ent construction procedure with one more dimension. So we
end up in 4D space, the simplex of which is the pentahedroid.
This is a hypertetrahedron, composed of five tetrahedra, in the
same way as a tetrahedron is composed of four triangles.”” A
projection of this 4D object in 3D space is shown in Fig. 6. It
corresponds to a centered tetrahedron, which is seen to consist
of four tetrahedral cells surrounding the centre, the fifth cell
being the outer tetrahedron itself. To show how the icosahe-
dron can be embedded in this higher object, we remind that
in a dodecahedron there are five inscribed cubes, as was al-
ready known to Euclid.”® In Fig. 6 we provide the graph of a
dodecahedron, with the labeling of the vertices. The five cubes
will be denoted as a, b, c, d, e. They are defined by the follow-
ing combinations of eight vertices:

(a) = {1,9,11,18;3,10,12,20}.
(b) ={2,10,15,17;4,6,11,19}.
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Fig. 6. The four-fold degeneracy and the hypertetrahedron.
The centered tetrahedron (top left) represents a 3D projec-
tion of the hypertetrahedron. The drawing (top right)
shows a Schlegel diagram of a dodecahedron. The eight
connected nodes in this graph form one of the inscribed
Euclid cubes, corresponding to vertex a in the hypertetra-
hedron. Also shown are the five orbital combinations
transforming as a and g irreducible representations of
the icosahedral symmetry group.

V/gz

(c) =1{3,6,14,16;5,7, 15, 18}.
(d) =1{4,7,13,20; 1,8, 14, 17}.
(e) =1{5,8,12,19;2,9, 13, 16}. (18)

In this equation, we have divided the set of eight vertex labels
into two subsets, corresponding to the two intertwined tetra-
hedra in each cube. The pentagonal rotations around the faces
of the dodecahedron will permute the cubes among them-
selves. One can easily observe that there exists always a min-
imal rotation over 277/5 to connect any pair of cubes. In this
way, all cubes may be said to be “equidistant.” Hence, we
can think of them as the five equidistant “vertices” forming
the corners of the pentahedroid simplex of 4D space. We
may denote five orbital components on these cubes, forming
an orbital basis {¢,, ¢, 9., ¢, ¢,}. Under the permutational
group, Ss, these will give rise to a totally symmetric combina-
tion, and a four-fold degenerate orbital set, which we will de-
note as g-type:
1
Y, = ﬁ(‘pa +0,+ 0. +0,+ )

1
W@=£ﬁm%_¢VW%_%_¢J
1
¢y=§0¢w+%—¢w+%)

1
Vo =50 — 0.~ 04+ )
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1
wgz = 5 (§0b + (pc - god + (pe)' (19)

These component symmetries, which are shown in Fig. 6, fol-
low the standard symmetry conventions of Boyle and Parker,?’
which we have used throughout our work on icosahedral JT
problems. As generators of the icosahedral group we have tak-
en the five-fold rotation through the central (1,2,3,4,5) face
in the Schlegel diagram of Fig. 6, and the three-fold axis
through vertex (1). We made also use of the two-fold axis
through the (4,5) edge. These symmetry elements®® act on
the vertices of the pentahedroid in the following way:

Cs:a—>e—>d—c—b.
Cs:a— a,
b—c—e,
d—d.
Cy,:a— a,
b—c,
d—e. (20)

Armed with the symmetry orbitals we can set up the standard
JT matrix for the simplex problem, adopting a contact term be-
tween the Euclid cubes in exactly the same way as before for
the tetrahedral and triangular problems. The 4D simplex with 5
vertices has 10 bonds. In the parent group Ss, these transform
as the direct sum of a totally symmetric representation, and a
four-fold and five-fold degenerate representation. The four-
fold and five-fold degenerate representation subduce respec-
tively the g and h representation in the subgroup of the icosa-
hedral rotations. Hence one has:

(4 DH@D]I=06)® 4 1) e @3,2),
[g@gl=a®gdh, @21

where the first line refers to the irreducible representations
of the symmetric group, and the second line contains the labels
of the icosahedral rotation group. The square brackets denote
that we are taking the symmetrized direct product. The cor-
responding symmetry adapted interaction coordinates are easi-
ly obtained. As an example the matrix element ((pga|H |(pga)
can only contain the totally symmetric coordinate Q, and the
g-type component Qy,. The former is the normalized sum of
the ten edge stretchings, so that the latter can easily be ob-
tained.

1
Qa = \/—]—O(Arab_FArac+Arad+Arae+Arbc+Arbd

+ Arpe + Areq + Aree + Arge).

2+/15
+ 2Arpg + 2A1p + 2A1 g + 2A¥ e + 2AT ).

Qo = (=3Ary — 3Ar,e — 3Ar,q — 3Arge + 2A1p,

1
ng = 2—\/5 (Arab - Arac + Arad - Arae + 2Arbd - ZAr(re)-

1
ng = 27«/5 (—=Argp + Arae + Araqg — Arye — 2A1pe + 2A1y).

1
ng = Z—ﬁ(_Arab - Arac + Arad + Arae + ZArhc - 2Arde)~



1236 Bull. Chem. Soc. Jpn. Vol. 80, No. 7 (2007)

1
= —2\/5

1
Ohe = 3 (Arpg — Arpe — Ateq + Aree).

Ony A1y — Arpg — Arpe — Areg — Atee + 2A7g,).

1
th == (_Arab + Ar‘ac - Arad + Ar'ae + Arbd - Arce)-

NG
1
th = 76_(Arah — Arac — Arad + Arae - Arbe + Arcd)'
100 0 30k
. _kQ0100+k—ng
eaeah) =KQaf o 0 V5| —0,
00 0 I —0,.
0 N/5/20ne
+i V37200 —Ono + +/30he
V3| V3720w —1/v20n
A/5/20n¢ —1/v/20n,

This matrix describes a conical intersection in the space of the
interaction coordinates. For the present interaction model the
coupling along the h-mode is dominant and yields a trigonal
distortion of Dj3; symmetry. Since the icosahedron has 10
trigonal directions, there will be 10 equivalent trigonal mini-
ma. It is possible to define interaction potentials for which
the g-mode becomes the dominant active mode. In this case,
the JT activity develops along a tetrahedral distortion mode
favoring one of the Euclid cubes, with point group symmetry
Ty,. In this case, there will be five equivalent minima, at equal
distances from each other.?!

The JT effect of a four-fold degenerate state has not yet
been documented but model systems are already available,
and the first experimental manifestations may soon be discov-
ered. The parent cluster of the fullerene class, Cy, is a dodeca-
hedral structure with a four-fold degenerate HOMO of g,-
symmetry occupied by two electrons. Both this cluster and
its cationic form are expected to show JT activity, which may,
however, be small since the HOMO is in principle a non-
bonding orbital. Calculations predict this cage to be stable,*
but so far there is only elusive evidence for the existence of
this cluster in the gas phase.’> A more interesting candidate
is the Cgy icosahedral fullerene.’* This may be looked upon
as a special descendant of the C,y parent, obtained by chamfer-
ing all edges,® as shown in Fig. 7. This special type of exten-
sion leads again to an open-shell structure with two electrons
in a four-fold degenerate orbital set, this time, however, of the
gerade go-type. A most interesting manifestation of this four-
fold degenerate HOMO is the existence of the stable endohe-
dral La, @Cgy complex.*® The incorporated lanthanide ions in
this structure are trivalent, meaning that the cage has accepted
six electrons to become a Cgo®~ fulleride. This is a closed shell
structure due to the complete filling of the g-shell. One can
speculate that removal of one electron in this case will lead
to JT activity of the g-type, coupled to the cylindrical symme-
try of the La dimer inside the cage.
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th = % (Arab + Arge — Argg — Arge — Arpe + Arde)- (22)
Substitution of these values into the interaction matrix then
provides the interaction Hamiltonian expressed in normal
modes.?! As before the totally symmetric and four-fold degen-
erate levels separate over the breathing mode. The four-fold JT
Hamiltonian is then identified as the lower 4 x 4 block of the
interaction matrix. It represents the coupling of the g-level
with g @ h vibrations.

—0Our —Qyy —Qg:
Qi V50 —V50y
—V5Qs:  —Qu  —V504
—V50y —V50s  —0u
V5/20m, V57200

—1/v/20n¢ —1//20m, 23)
—Ony — V30he  —1/v/204¢
—1/V/20u¢ 20y

Fig. 7. Two icosahedral carbon cages with a four-fold
degenerate HOMO. In Cy (top), the HOMO has g,-sym-
metry and is occupied by two electrons. The chamfering
operation shown on the left, is a cage extension which
replaces all edges by hexagons and multiplies the number
of atoms by a factor of 4. It turns C,g into Cgy. The degen-
eracy of the HOMO is kept, but the parity is changed from
odd to even.



A. Ceulemans et al.

Five-Fold Degeneracy: The Complete Graph Ké

The highest orbital degeneracy that can be realized by spa-
tial symmetry is the five-fold degenerate irreducible represen-
tation h in molecules with icosahedral symmetry. Buckminster-
fullerene itself has a bonding HOMO of h, type and is thus
expected to show this type of JT activity in its cationic form.
If we want to understand this case from the same point of view
as we have treated all other degeneracies, we find ourselves
forced to take one more step into higher dimension and consid-
er the case of a 5D space, the simplex of which can be symbol-
ized by the complete graph of 6 nodes, denoted in graph theory
as Kg. Its symmetry group is the permutation group of six
elements. As before the set of the six vertices contains one sca-
lar, which is the totally symmetric combination, and one 5-
dimensional vector, which forms the basis of our orbital h-rep-
resentation. How can we now construct these vector compo-
nents in such a way that they obey the standard symmetry
rules, which define the ¥, €, &, 1, £ components of the h-repres-
entation?

This question really concerns the connection between the
abstract group Sg and the group of icosahedral rotations, which
is isomorphic to As. In other words, can we identify in an
icosahedron an orbit of six structures which are permuted
among themselves by the symmetry operations, and are equi-
distant from each other? The answer to this question will
not only yield a systematic way to construct the Jahn-Teller
Hamiltonian, but also gives a deeper insight into the mere
existence of five-fold degeneracies in an icosahedron. Clearly
such structures indeed exist. They simply constitute the set
of the six pentagonal axes in the icosahedral frame. So the
twelve pentagonal faces in a dodecahedron can be arranged
in six pairs of antipodal faces, forming a set of six interlaced
pentagonal antiprisms. Each pentagonal direction is surround-
ed by the five-other directions, and for this reason the six
pentagonal directions are all nearest neighbours. They thus
constitute the set of six objects that are permuted among them-
selves by the symmetry elements of the icosahedron. These
permutations characterize the group of the rotations of an ico-
sahedron as a special subgroup of the symmetric group Se.
We will label the six pentagonal directions by capital letters
as follows:

(A) =1{1,2,3,4,5;16,17,18,19,20}.
(B) =1{1,2,7,12,6;9, 15,20, 19, 14}.
(C) =1{2,3,8,11,7;10, 14,19, 18, 13}.
(D) ={3,4,9,15,8;6,13,18,17,12}.
(E) = {4,5,10,14,9;7,12,17,16, 11}.
(F)=1{5,1,6,13,10;8, 15,20, 16, 11}. (24)
For each pentagonal direction the vertex labels denote the up-
per and lower pentagonal faces of the corresponding pentago-
nal antiprism. The action of the icosahedral operators on these
six elements gives rise to the following permutations:
Cs:A— A,
F—-FE—-D—C—B.
C3:A— B—F,
C—-D—E.

Bull. Chem. Soc. Jpn. Vol. 80, No. 7 (2007) 1237

Fig. 8. The five-fold degeneracy and the complete graph
K. The nodes of the graph are identified by the six pen-
tagonal directions, as listed in Eq. 24. The six orbital com-
binations on these nodes transform as a and h irreducible
representations of the icosahedral symmetry group.

C2 A — E,
F — D,
B — B,
C— C. (25)

We can now easily derive the set of basis orbitals, which are
adapted to the icosahedral symmetry. As before this set divides
into a totally symmetric “all bonding” component, and a re-
maining five-fold degenerate representation which is the fun-
damental “vector” of our 5D space, as shown in Fig. 8.

1
Wa:%((pA+(pB+¢C+¢D+¢E+(pF)
1
Yy = 5(—% +¢p — P+ ©F)
1
Vhe = ﬁ(¢A =205 —2¢c + @p + Qp + OF)
1
1//11.»3 = ﬁ(‘% — ¢F)
1

%n = E(_goA + @5

1
Ve = /3 (=95 + ¢c) (26)

With these basisfunctions and using the same mechanical pro-
cedure as before, it is again straightforward to construct an
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Table 1. Embedding of the Icosahedral Rotation Group (I-As) in the Symmetric Group of Order 6, Sg»

Se 1 15 40 45 90 120 144 15 90 40 120
19 %2 @33 ar2h) (174 (4.23) (1,5) (€3] 24 (3% (6)

As E 15 Cy ]122 CC552 20 C;

(6) 1 1 1 1 1 1 1 1 1 1 1

G1 |5 3 2 1 1 0 0 -1 -1 ~1 -1

42 | 9 3 0 1 -1 0 —1 3

a) The irreducible representations (6), (5,1), (4,2) subduce a, h, g+h resp.

interaction matrix and extract the Jahn-Teller part. There will
be 15 edge bonds inside the 5D simplex, giving rise to one
totally symmetric breathing mode, and 14 JT coordinates.
These give rise to the standard h ® (g @ 2h) JT-Hamiltonian.3’
Since the present Hamiltonian has a special S¢ symmetry,
we will obtain a high-symmetry form of the Hamiltonian
where the g-mode and one of the h-modes belong to the same
permutational representation. In Table 1, we provide the sub-
duction relations between the symmetric group and the ico-
sahedral rotations. A more elaborate analysis of the group-
theoretical aspects of this connection will be deferred to a sep-
arate publication.

From the chemical point of view the JT effect in a five-fold
degeneracy can give rise to several kinds of distortions. The
main minimal energy solutions have pentagonal or trigonal
symmetry. The pentagonal solutions, with Ds,; symmetry, are
entirely situated in the 5D space of the h-modes, and indeed
form six equidistant minima. The reaction graph which con-
nects these minima is therefore indeed the K¢ graph, on which
our analysis was based. Depending on the coupling parameters
the system may also show a preference for trigonal solutions,
with D3; symmetry. In this case the minima are extended in
g @ h space, and form a set of ten equivalent minima, which
are, however, not all equidistant. These ten minima correspond
to the ten triangular faces in the 5D simplex. Several papers
have been devoted to the interesting topology of this sur-
face,®3 which may give rise to different dynamic ground
states,***#! depending on the strengths of the trigonal coupling
constants.

The Jahn-Teller Theorem

In this paper, we have attempted to present the universal
structure of all JT cases in finite point groups, using the power
of the symmetric groups. The procedure started from the con-
cept of a degenerate basis set. Such a set of dimension n may
always be viewed as the fundamental vector in a simplex
of N =n+1 vertices, where all components are interacting
with all others. This simplex can be realized with point-like
objects in n-dimensional space. The doublet, triplet, quartet,
and quintuplet degeneracies are thus visualized by simplexes
in 2-, 3-, 4-, and 5-dimensional space. In the symmetric group
Sy describing the symmetry of the simplex, the N vertices pro-
vide a basis for a totally symmetric scalar and a fundamental
irreducible vector representation, which in the standard nota-
tion are denoted as (N) and (N — 1, 1) respectively. We will
denote this splitting as follows:

I'y=T14+T,. 27)

Now we let all equidistant vertices interact with each other.
The N nodes, give rise to N(N — 1)/2 edge bonds, which
together form the coordinate space. The symmetry of the
stretchings along these bonds can be obtained as follows:

Tar = [[y]* — Ty

=[[+,"—Ty
=01+ T, + [ —Ty
= [~ (28)

The first line in this expression states that the symmetry of the
stretching modes is obtained by taking the symmetrized square
of the vertex representation, and subtracting the diagonal ele-
ments which also transform as the vertex representation. The
result in Eq. 28 states that the symmetry of the active modes
exactly coincides with the symmetrized square of the irreduci-
ble representation of the degeneracy level. This square con-
tains the totally symmetric representation and the irreducible
representations of the JT active modes. This result shows that
the coordinate space of the simplex will exactly contain the ac-
tive modes that are required to break the symmetry. It provides
a simple rationale of the JT theorem based on a symmetric
group analysis of degenerate representations in the point
groups.*? From the symmetry point of view the interaction co-
ordinates are formed by all cross-products of the basic orbitals.

Conclusion

The occurrence of degeneracies is a typical quantum aspect
of molecular nature, and as such is intimately connected to
molecular structure and reactivity, both in gaseous phase and
in solution. Chemistry abounds with manifestations of vibronic
instability of degeneracies, be it as genuine symmetry cases
described in the Jahn-Teller effect, or derivative cases as in
non-symmetrical conical intersections which are mainly stud-
ied in relation to photochemical reactivity.*>** The present ac-
count did not aim to give a full overview of the known cases,
but rather attempted to show their common roots, which are
connected to dimensionality. A chemical perspective was de-
veloped which draws attention to geometry and structure.
The symmetric groups of complete graphs are seen to provide
a uniform group-theoretical basis. This approach complements
the usual physical perspective which starts from the rotational
invariance SO(n) groups of the electronic manifold.* In prin-
ciple we can also envisage a further extension of this symmet-
ric group treatment which will provide the rationale for the
observation that the JT effect does not really destroy the elec-
tronic degeneracy but rather replaces it by a vibronic one of the
same kind.*¢
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The account would be incomplete, without mentioning the
proverbial exceptions that confirm the strength of the JT effect
as a universal rule. We know at least three cases where the
claims of instability are overruled by more powerful symme-
tries: i) cylindrical symmetries in linear molecules, a case
which was already known from the beginning by Jahn and
Teller,' ii) time reversal symmetry which gives rise to the well
known Kramers degeneracy in odd-electron systems, iii) and
last but not least the quasi-spin symmetry which is a character-
istic of the structure of half-open shells and follows from
particle-hole equivalence.*’*8
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